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QUANTUM DIMENSIONS AND IRREDUCIBLE MODULES OF
SOME DIAGONAL COSET VERTEX OPERATOR ALGEBRAS
XINGJUN LIN
Abstract. In this paper, under the assumption that the diagonal coset vertex oper-
ator algebra C(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0)) is rational and C2-cofinite, the global
dimension of C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0)) is obtained, the quantum dimensions
of multiplicity spaces viewed as C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0))-modules are also
obtained. As an application, a method to classify irreducible modules of C(Lg(k +
l, 0), Lg(k, 0)⊗ Lg(l, 0)) is provided. As an example, we prove that the diagonal coset
vertex operator algebra C(LE8(k+2, 0), LE8(k, 0)⊗LE8(2, 0)) is rational, C2-cofinite,
and classify irreducible modules of C(LE8(k + 2, 0), LE8(k, 0)⊗ LE8(2, 0)).
1. Introduction
Let g be a reductive finite dimensional Lie algebra and p be a reductive subalgebra
of g. It is important to study the multiplicity spaces of an integrable highest weight
representation of the affine Lie algebra ĝ with respect to the affine subalgebra p̂. The
conformal invariance properties of the multiplicity spaces of an integrable highest weight
representation of ĝ with respect to p̂ were first studied in [22], unitary highest weight
modules of the Virasoro algebra with central charge less than 1 were constructed in this
important paper. Later, the modular invariance properties of the branching functions
of an integrable highest weight representation of ĝ with respect to p̂ were studied in
important papers [25], [26].
For a positive integer k, it is well-known that the vacuum module Lg(k, 0) of ĝ is
a vertex operator algebra [19]. Since p̂ is a subalgebra of ĝ, Lg(k, 0) may be viewed
as a p̂-module of level l, where l is a positive integer. It was realized in [19] that
the multiplicity space C(Lp(l, 0), Lg(k, 0)) of Lp(l, 0) in Lg(k, 0) is also a vertex operator
algebra. Moreover, the multiplicity spaces of an integrable highest weight representation
of ĝ with respect to p̂ are modules of the vertex operator algebra C(Lp(l, 0), Lg(k, 0)).
In general, the multiplicity spaces of an integrable highest weight representation of ĝ
with respect to p̂ may be reducible C(Lp(l, 0), Lg(k, 0))-modules. In addition, viewed
as C(Lp(l, 0), Lg(k, 0))-modules, there may be identifications between the multiplicity
X. Lin was supported by China NSF grant 11801419 and the starting research fund from Wuhan
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spaces of integrable highest weight representations of ĝ with respect to p̂. Thus, it
is interesting to study the structures of the multiplicity spaces as C(Lp(l, 0), Lg(k, 0))-
modules.
There is another approach to study the multiplicity spaces of an integrable highest
weight representation of ĝ with respect to p̂ in the framework of conformal nets [36].
Many important results have been established in [36]. However, it seems that the
method in [36] cannot be used to study the multiplicity spaces of an admissible highest
weight representation of ĝ with respect to p̂ [27], because nonunitary representations will
appear in this situation. So it is still interesting to study the problem in the framework
of vertex operator algebras.
When g is a simple Lie algebra and p is a Cartan subalgebra of g. Then the vertex
operator algebra C(Lp(k, 0), Lg(k, 0)) is the parafermion vertex operator algebra [10].
The parafermion vertex operator algebras have been well-studied (see [9] and reference
therein). In this paper, by considering g as the diagonal subalgebra of g ⊕ g, we will
study the vertex operator algebra C(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0)), which can realize
many important vertex operator algebras (see [4]).
First, under the assumption that the vertex operator algebra C(Lg(k+ l, 0), Lg(k, 0)⊗
Lg(l, 0)) is rational and C2-cofinite, the global dimension of C(Lg(k + l, 0), Lg(k, 0) ⊗
Lg(l, 0)) is obtained, the quantum dimensions of the multiplicity spaces viewed as
C(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0))-modules are also obtained (see Theorem 4.7). These
results are further used to classify irreducible modules of C(Lg(k + l, 0), Lg(k, 0) ⊗
Lg(l, 0)) (see Theorem 5.1). The method in Theorem 5.1 to classify irreducible mod-
ules of C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0)) depends on the assumption that C(Lg(k +
l, 0), Lg(k, 0)⊗ Lg(l, 0)) is rational and C2-cofinite. There is another work [7] in which
C(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0))-modules are studied without the assumption.
As an example, we show that the vertex operator algebra C(LE8(k+2, 0), LE8(k, 0)⊗
LE8(2, 0)) is rational and C2-cofinite (see Theorem 3.10). We then use the method in
Theorem 5.1 to show that the multiplicity spaces are irreducible modules of C(LE8(k+
2, 0), LE8(k, 0)⊗LE8(2, 0)) (see Theorem 5.3). Moreover, we show that the multiplicity
spaces are all the non-isomorphic irreducible modules of C(LE8(k + 2, 0), LE8(k, 0) ⊗
LE8(2, 0)) (see Theorem 5.3).
The paper is organized as follows: In Section 2, we recall some basic facts about vertex
operator algebras. In Section 3, we prove the diagonal coset vertex operator algebra
C(LE8(k + 2, 0), LE8(k, 0) ⊗ LE8(2, 0)) is rational, C2-cofinite. In Section 4, under the
assumption that the diagonal coset vertex operator algebra C(Lg(k + l, 0), Lg(k, 0) ⊗
Lg(l, 0)) is rational and C2-cofinite, the global dimension of C(Lg(k + l, 0), Lg(k, 0) ⊗
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Lg(l, 0)) is obtained. The quantum dimensions of multiplicity spaces viewed as C(Lg(k+
l, 0), Lg(k, 0) ⊗ Lg(l, 0))-modules are also obtained. In Section 5, a method to classify
irreducible modules of C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0)) is provided. As an example,
irreducible modules of C(LE8(k + 2, 0), LE8(k, 0)⊗ LE8(2, 0)) are classified.
2. Preliminaries
2.1. Basics. In this subsection we briefly review some basic notions and facts in the
theory of vertex operator algebras from [12], [17], [18], [29] and [37]. Let (V, Y, 1, ω)
be a vertex operator algebra as defined in [18] (see also [5]). V is called C2-cofinite if
dimV/C2(V ) < ∞, where C2(V ) = 〈u−2v|u, v ∈ V 〉. V is called of CFT type if V has
the decomposition V =
⊕
n≥0 Vn with respect to L(0) such that dimV0 = 1. If v ∈ Vn,
the conformal weight wtv of v is defined to be n.
A weak V -module M is a vector space equipped with a linear map
YM : V → (EndM)[[z, z−1]],
v 7→ YM(v, z) =
∑
n∈Z
vnz
−n−1, vn ∈ EndM
satisfying the following conditions: For any u ∈ V, v ∈ V, w ∈M and n ∈ Z,
unw = 0 for n >> 0;
YM(1, z) = idM ;
z−10 δ
(
z1 − z2
z0
)
YM(u, z1)YM(v, z2)− z−10 δ
(
z2 − z1
−z0
)
YM(v, z2)YM(u, z1)
= z−12 δ
(
z1 − z0
z2
)
YM(Y (u, z0)v, z2).
A weak V -module M is called an admissible V -module if M has a Z≥0-gradation
M =
⊕
n∈Z≥0 M(n) such that
amM(n) ⊂M(wta+ n−m− 1)
for any homogeneous a ∈ V and m, n ∈ Z.
A vertex operator algebra V is called simple if V viewed as a weak V -module is
irreducible. And V is said to be rational if any admissible V -module is completely
reducible. It was proved in [13] that if V is rational then there are only finitely many
irreducible admissible V -modules up to isomorphism.
An (ordinary) V -module is a weak V -module M such that M =
⊕
λ∈CMλ, where
Mλ = {w ∈ M |L(0)w = λw}, and that Mλ is finite dimensional and for fixed λ ∈ C,
Mλ+n = 0 for sufficiently small integer n. Let M =
⊕
λ∈CMλ be a V -module. Set
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M ′ =
⊕
λ∈CM
∗
λ , the restricted dual of M . It was proved in [17] that M
′ is also a
V -module such that the vertex operator map Y ′ is defined by
〈Y ′(a, z)u′, v〉 = 〈u′, Y (ezL(1)(−z−2)L(0)a, z−1)v〉,
for a ∈ V, u′ ∈ M ′ and v ∈ M . The V -module M ′ is called the contragredient module
of M . It was also proved in [17] that if M is irreducible, then so is M ′, and that
(M ′)′ ≃ M . A V -module M is called self-dual if M ∼= M ′. A vertex operator algebra V
is called strongly regular if V is of CFT type, simple, self-dual, rational and C2-cofinite.
2.2. Modular invariance of trace functions of vertex operator algebras. We
now turn our discussion to the modular invariance property in the theory of vertex
operator algebras. Let H = {τ ∈ C|imτ > 0}. Recall that the full modular group
SL(2,Z) has generators S =
(
0 −1
1 0
)
, T =
(
1 1
0 1
)
and acts on H as follows:
γ : τ 7−→ aτ + b
cτ + d
, γ =
(
a b
c d
)
∈ SL(2,Z).
Let V be a rational and C2-cofinite vertex operator algebra, M
0,M1, ...,Mp be all
the irreducible V -modules. Then M i, 0 ≤ i ≤ p, has the form
M i =
∞⊕
n=0
M iλi+n,
with M iλi 6= 0 for some number λi which is called conformal weight of M i. For any
irreducible V -module M i, the trace function associated to M i is defined as follows: For
any homogenous element v ∈ V and τ ∈ H,
ZM i(v, τ) := trM io(v)q
L(0)−c/24 = qλi−c/24
∑
n∈Z≥0
trM i
λi+n
o(v)qn,
where o(v) = v(wtv − 1) and q = e2pi
√−1τ . Since V is C2-cofinite, ZM i(v, τ) converges
to a holomorphic function on the domain |q| < 1 [14], [37]. The ZM(1, τ) which is also
denoted by chqM is called the q-character of M .
Another vertex operator algebra structure (V, Y [., z], 1, ω − c/24) is defined on V in
[37] with grading
V = ⊕n≥0V[n].
For v ∈ V[n], we write wt[v] = n.
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Theorem 2.1. Let V be a rational and C2-cofinite vertex operator algebra with the ir-
reducible V -modules M0, ...,Mp. Then there is a group homomorphism ρV : SL(2,Z)→
GLp+1(C) with ρ(γ) = (γi,j) such that for any 0 ≤ i ≤ p and homogeneous v ∈ V[n],
ZM i(v,
aτ + b
cτ + d
) = (cτ + d)n
p∑
j=0
γi,jZMj(v, τ).
Moreover, the matrix (γi,j) is independent of the choice of v ∈ V .
The theorem was proved in [37] (also see [14]). We will also use S to denote the
matrix ρV (S) = (Si,j). It is known that S is a symmetric matrix.
2.3. Quantum dimensions. In this subsection, we recall some facts about quantum
dimensions of modules of vertex operator algebras from [8]. Let V be a strongly regular
vertex operator algebra and let M0 = V,M1, ...,Mp be all the inequivalent irreducible
V -modules. For a V -module M , the quantum dimension of M is defined to be
qdim VM = lim
y→0+
ZM(1,
√−1y)
ZV (1,
√−1y) ,
where y is real and positive. The global dimension of the vertex operator algebra V is
defined to be
GlobV =
p∑
i=0
(qdim VM
i)2.
The following result was proved in [8].
Theorem 2.2. Let V be a strongly regular vertex operator algebra and let M0 =
V,M1, ...,Mp be all the irreducible V -modules. Assume further that the conformal
weights of M1, ...,Mp are greater than 0. Then
(1) qdimM i ≥ 1 for any 0 ≤ i ≤ p.
(2) qdim VM
i =
S0,i
S0,0
.
(3) GlobV = 1
S20,0
.
(4) M i is a simple current V -module if and only if qdimM i = 1.
3. Rationality of some coset vertex operator algebras
3.1. Affine vertex operator algebras. In this subsection, we shall recall some facts
about affine vertex operator algebras from [19] and [29]. Let g be a finite dimensional
simple Lie algebra and 〈 , 〉 the normalized Killing form of g, i.e., 〈θ, θ〉 = 2 for the
highest root θ of g. Fix a Cartan subalgebra h of g and denote the corresponding root
system by ∆g and the root lattice by Q. We further fix simple roots {α1, · · · , αl}, and
denote the set of positive roots by ∆+g . Then the weight lattice P of g is the set of λ ∈ h
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such that 2〈λ,α〉〈α,α〉 ∈ Z for all α ∈ ∆g. Note that P is equal to ⊕li=1ZΛi, where Λi are the
fundamental weights defined by the equation
2〈Λi,αj〉
〈αj ,αj〉 = δi,j . We also use the standard
notation P+ to denote the set of dominant weights {Λ ∈ P | 2〈Λ,αj〉〈αj ,αj〉 ≥ 0, 1 ≤ j ≤ l}.
For any α ∈ ∆+g , we fix x±α ∈ g±α such that [xα, x−α] = hα, [hα, x±α] = ±2x±α, where
hα =
2
〈α,α〉α.
Recall that the affine Lie algebra associated to g is defined on ĝ = g⊗C[t−1, t]⊕CK
with Lie brackets
[x(m), y(n)] = [x, y](m+ n) + 〈x, y〉mδm+n,0K,
[K, ĝ] = 0,
for x, y ∈ g and m,n ∈ Z, where x(n) denotes x⊗ tn.
For a positive integer k and a weight Λ ∈ P , let Lg(Λ) be the irreducible highest
weight module for g with highest weight Λ and define
Vg(k,Λ) = Ind
ĝ
g⊗C[t]⊕CKLg(Λ),
where Lg(Λ) is viewed as a module for g⊗C[t]⊕CK such that g⊗ tC[t] acts as 0 and K
acts as k. It is well-known that Vg(k,Λ) has a unique maximal proper submodule which
is denoted by J(k,Λ) (see [24]). Let Lg(k,Λ) be the corresponding irreducible quotient
module. It was proved in [19] that Lg(k, 0) has a vertex operator algebra structure such
that the Virasoro vector
ω =
1
2(k + h∨)
dim g∑
i=1
ui(−1)ui(−1)1,
where h∨ denotes the dual Coxeter number of g and {ui|1 ≤ i ≤ dim g} is an orthonor-
mal basis of g with respect to 〈, 〉. Moreover, we have the following results which were
proved in [14], [19], [24].
Theorem 3.1. Let k be a positive integer. Then
(1) Lg(k, 0) is a strongly regular vertex operator algebra.
(2) Lg(k,Λ) is a module for the vertex operator algebra Lg(k, 0) if and only if Λ ∈ P k+,
where P k+ = {Λ ∈ P+|〈Λ, θ〉 ≤ k}.
(3) If Lg(k,Λ) is an Lg(k, 0)-module such that Lg(k,Λ) ≇ Lg(k, 0), then the conformal
weight of Lg(k,Λ) is positive.
We next recall some fact about modular invariance properties about Lg(k, 0). Since
Lg(k, 0) is strongly regular and {Lg(k,Λ)|Λ ∈ P k+} are all the non-isomorphic irreducible
Lg(k, 0)-modules, the trace functions {ZLg(k,Λ)(v, τ)|Λ ∈ P k+} is closed under the action
of SL(2,Z).
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Theorem 3.2. [24, 26] For Λ,Λ′ ∈ P k+, let SLg(k,Λ),Lg(k,Λ′) be complex numbers such that
ZLg(k,Λ)(v,
−1
τ
) = τwt[v]
∑
Λ′∈P k+
SLg(k,Λ),Lg(k,Λ′)ZLg(k,Λ′)(v, τ).
Then
SLg(k,0),Lg(k,Λ) = |P/(k + h∨)QL|−1/2(k + h∨)−l/2
∏
α∈∆+g
2 sin
pi〈Λ + ρ, α〉
k + h∨
,
where QL j Q is the sublattice of Q spanned by all long roots and ρ =
∑l
i=1 Λi.
Finally, we recall some facts about simple current modules of Lg(k, 0). Let θ =∑l
i=1 aiαi, ai ∈ Z+, be the highest root. It is well-known that the irreducible Lg(k, 0)-
module Lg(k, kΛi) is a simple current Lg(k, 0)-module if ai = 1 (see [11, 20, 21, 32]).
Set J = {i|ai = 1} ∪ {0}. Then it is known that |J | = |P/Q| [26]. In particular, for
g = E8, J = {0} [26].
3.2. Virasoro vertex operator algebras. In this subsection, we recall some facts
about Virasoro vertex operator algebras [19], [35]. Let L = ⊕n∈ZCLn ⊕ CC be the
Virasoro algebra with the commutation relations
[Lm, Ln] = (m− n)Lm+n + 1
12
(m3 −m)δm+n,0C,
[Lm, C] = 0.
Consider the subalgebra b = (⊕n≥1CLn) ⊕ (CL0 ⊕ CC) of L. For any two complex
numbers c, h ∈ C, let C be a 1-dimensional b-module such that:
Ln · 1 = 0, n ≥ 1, L0 · 1 = h · 1, C · 1 = c · 1.
Define V (c, h) = U(L) ⊗U(b) C, where U(·) denotes the universal enveloping algebra.
Then V (c, h) is a highest weight module of the Virasoro algebra of highest weight (c, h),
and V (c, h) has a unique maximal proper submodule J(c, h). Let L(c, h) be the unique
irreducible quotient module of V (c, h). Set V (c, 0) = V (c, 0)/(U(L)L−11 ⊗ 1), it is
well-known that V (c, 0) has a vertex operator algebra structure with Virasoro vector
ω = L−21 and L(c, 0) is the unique irreducible quotient vertex operator algebra of
V (c, 0) [19].
For coprime integers p, q ≥ 2, set
cp,q = 1− 6(p− q)
2
pq
, hp,qr,s =
(rp− sq)2 − (p− q)2
4pq
, (r, s) ∈ Ep,q,
where Ep,q denotes the set {(r, s)|1 ≤ s ≤ p− 1, 1 ≤ r ≤ q − 1, r + s ≡ 0 mod 2}.
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Theorem 3.3. [14, 35] For coprime integers p, q ≥ 2, the Virasoro vertex operator
algebra L(cp,q, 0) is strongly regular and L(cp,q, h
p,q
r,s), (r, s) ∈ Ep,q, are the complete list
of irreducible L(cp,q, 0)-modules.
In particular, when p = 3, q = 4, the Virasoro vertex operator algebra L(1/2, 0) has
three irreducible modules L(1/2, 0), L(1/2, 1/2), L(1/2, 1/16). In the following, we will
need the fusion rules [17] between irreducible modules of L(1/2, 0).
Theorem 3.4. [16, 35] The fusion rules between irreducible L(1/2, 0)-modules are as
follows:
L(1/2, 1/2)× L(1/2, 1/2) = L(1/2, 0),
L(1/2, 1/16)× L(1/2, 1/2) = L(1/2, 1/16),
L(1/2, 1/16)× L(1/2, 1/16) = L(1/2, 0)⊕ L(1/2, 1/2).
3.3. Rationality of coset vertex operator algebra C(LE8(k + 2, 0), LE8(k, 0) ⊗
LE8(2, 0)). Let g be a finite dimensional simple Lie algebra, k, l be positive integers.
Consider the vertex operator algebra Lg(k, 0) ⊗ Lg(l, 0), and the vertex subalgebra W
of Lg(k, 0)⊗ Lg(l, 0) generated by {x(−1)1⊗ 1+ 1⊗ x(−1)1|x ∈ g}. By Theorem 3.1
of [15], W is isomorphic to Lg(k + l, 0). Set
C(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0))
= {u ∈ Lg(k, 0)⊗ Lg(l, 0)|unv = 0, ∀v ∈ Lg(k + l, 0), ∀n ∈ Z≥0}.
It is well-known that C(Lg(k+l, 0), Lg(k, 0)⊗Lg(l, 0)) is a vertex subalgebra of Lg(k, 0)⊗
Lg(l, 0) [29]. Moreover, by Proposition 12.10 of [24] and Lemma 2.1 of [3], we have
Lemma 3.5. Let ω1, ω2, ω3 be the Virasoro elements of Lg(k, 0), Lg(l, 0), Lg(k + l, 0),
respectively. Then C(Lg(k+ l, 0), Lg(k, 0)⊗Lg(l, 0)) is a simple vertex operator algebra
with the Virasoro vector ω1 + ω2 − ω3.
In the following, we consider the case g is the simple Lie algebra of type E8. We shall
prove that the coset vertex operator algebra C(LE8(k + 2, 0), LE8(k, 0) ⊗ LE8(2, 0)) is
rational and C2-cofinite. To prove this result, we need the following important result
which was obtained in [4].
Theorem 3.6. Let k be a positive integer. Then the coset vertex operator algebra
C(LE8(k + 1, 0), LE8(k, 0)⊗ LE8(1, 0)) is strongly regular.
We also need the following facts were obtained in the formulas (4.1.8), (4.1.9) of [26].
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Lemma 3.7. (1) C(LE8(2, 0), LE8(1, 0)⊗LE8(1, 0)) is isomorphic to the Virasoro vertex
operator algebra L(1
2
, 0).
(2) LE8(1, 0)⊗ LE8(1, 0) viewed as an LE8(2, 0)⊗ L(12 , 0)-module has the following de-
composition
LE8(1, 0)⊗LE8(1, 0) ∼= LE8(2, 0)⊗L(
1
2
, 0)⊕LE8(2,Λ7)⊗L(
1
2
,
1
2
)⊕LE8(2,Λ1)⊗L(
1
2
,
1
16
).
Recall that a vertex operator algebra U is called an extension of V if V is a vertex
operator subalgebra of U and V , U have the same Virasoro vector. We will also need
the following results about extensions.
Theorem 3.8. [1] Let V be a C2-cofinite vertex operator algebra and U be an extension
of V . Assume further that U viewed as a V -module is completely reducible, then U is
C2-cofinite.
Theorem 3.9. [23] Let V be a strongly regular vertex operator algebra. Suppose that U
is a simple vertex operator algebra and an extension of V , then U is rational.
We are now ready to prove the main result in this subsection.
Theorem 3.10. Let k be a positive integer. Then the coset vertex operator algebra
C(LE8(k + 2, 0), LE8(k, 0)⊗ LE8(2, 0)) is rational and C2-cofinite.
Proof: Consider the vertex operator algebra LE8(k, 0)⊗ LE8(1, 0)⊗ LE8(1, 0). By the
diagonal embedding, LE8(k+2, 0) can be viewed as a subalgebra of LE8(k, 0)⊗LE8(1, 0)⊗
LE8(1, 0). Consider the coset vertex operator algebra C(LE8(k + 2, 0), LE8(k, 0) ⊗
LE8(1, 0)⊗LE8(1, 0)). It is clear that C(LE8(k+2, 0), LE8(k, 0)⊗LE8(1, 0)⊗LE8(1, 0))
is an extension of
C(LE8(k + 1, 0), LE8(k, 0)⊗ LE8(1, 0))
⊗
C(LE8(k + 2, 0), LE8(k + 1, 0)⊗ LE8(1, 0)).
Thus, by Lemma 3.5 and Theorems 3.6, 3.8, 3.9, C(LE8(k+2, 0), LE8(k, 0)⊗LE8(1, 0)⊗
LE8(1, 0)) is rational and C2-cofinite.
On the other hand, C(LE8(k + 2, 0), LE8(k, 0) ⊗ LE8(1, 0)⊗ LE8(1, 0)) is also an ex-
tension of
C(LE8(k + 2, 0), LE8(k, 0)⊗ LE8(2, 0))
⊗
L(
1
2
, 0).
Moreover, by Lemma 3.7, C(LE8(k+2, 0), LE8(k, 0)⊗LE8(1, 0)⊗LE8(1, 0)) viewed as an
C(LE8(k+2, 0), LE8(k, 0)⊗LE8(2, 0))
⊗
L(1
2
, 0)-module has the following decomposition
C(LE8(k + 2, 0), LE8(k, 0)⊗ LE8(2, 0))⊗ L(
1
2
, 0)⊕W 1 ⊗ L(1
2
,
1
2
)⊕W 2 ⊗ L(1
2
,
1
16
),
10 XINGJUN LIN
where W 1,W 2 denote some modules of C(LE8(k + 2, 0), LE8(k, 0) ⊗ LE8(2, 0)). Define
a linear map σ from C(LE8(k + 2, 0), LE8(k, 0)⊗ LE8(1, 0)⊗ LE8(1, 0)) to itself by
σ|W 2⊗L( 1
2
, 1
16
) = −id, σ|C(LE8 (k+2,0),LE8 (k,0)⊗LE8(2,0))⊗L( 12 ,0)⊕W 1⊗L( 12 , 12 ) = id.
By Theorem 2.10 of [2] and the fusion rules in Lemma 3.4, σ is an automorphism of
C(LE8(k + 2, 0), LE8(k, 0) ⊗ LE8(1, 0) ⊗ LE8(1, 0)). Hence, by Theorem 1 of [33] and
Theorem 5.24 of [6], C(LE8(k + 2, 0), LE8(k, 0) ⊗ LE8(2, 0)) ⊗ L(12 , 0) ⊕W 1 ⊗ L(12 , 12)
is rational and C2-cofinite. Define a linear map τ from C(LE8(k + 2, 0), LE8(k, 0) ⊗
LE8(2, 0))⊗ L(12 , 0)⊕W 1 ⊗ L(12 , 12) to itself by
τ |C(LE8 (k+2,0),LE8(k,0)⊗LE8 (2,0))⊗L( 12 ,0) = id, τ |W 1⊗L( 12 , 12 ) = −id.
Similarly, by Theorem 2.10 of [2] and the fusion rules in Lemma 3.4, we can prove that
τ is an automorphism of C(LE8(k+2, 0), LE8(k, 0)⊗LE8(2, 0))⊗L(12 , 0)⊕W 1⊗L(12 , 12).
Hence, by Theorem 1 of [33] and Theorem 5.24 of [6], C(LE8(k + 2, 0), LE8(k, 0) ⊗
LE8(2, 0))⊗L(12 , 0) is rational and C2-cofinite. Since L(12 , 0) is rational and C2-cofinite,
C(LE8(k+2, 0), LE8(k, 0)⊗LE8(2, 0)) is also rational and C2-cofinite (see [14] and [16]).

4. Global dimensions and quantum dimensions of some diagonal coset
vertex operator algebras
Let g be a finite dimensional simple Lie algebra and k, l be positive integers. In this
section, we will calculate the global dimensions and quantum dimensions of the coset
vertex operator algebra C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0)) under the assumption that
C(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0)) is rational and C2-cofinite. As an application of the
results in this section, we will classify irreducible modules of C(LE8(k+2, 0), LE8(k, 0)⊗
LE8(2, 0)) in next section.
In the following, we will use Lg(k, Λ˙) and Lg(l, Λ¨) to denote Lg(k, 0)-module and
Lg(l, 0)-module, respectively. Note that Lg(k, Λ˙)⊗Lg(l, Λ¨) may be viewed as an Lg(k+
l, 0)-module, and Lg(k+ l, 0) is strongly regular. Hence, Lg(k, Λ˙)⊗Lg(l, Λ¨) is completely
reducible as an Lg(k + l, 0)-module. For any Λ ∈ P k+l+ , define
MΛ
Λ˙,Λ¨
= HomLg(k+l,0)(Lg(k + l,Λ), Lg(k, Λ˙)⊗ Lg(l, Λ¨)).
Proposition 4.1. [26] Let k, l be positive integers. ThenMΛ
Λ˙,Λ¨
6= 0 only if Λ˙+Λ¨−Λ ∈ Q.
As a result, Lg(k, Λ˙) ⊗ Lg(l, Λ¨) viewed as an Lg(k + l, 0)-module has the following
decomposition
Lg(k, Λ˙)⊗ Lg(l, Λ¨) = ⊕Λ∈P k+l+ ;Λ˙+Λ¨−Λ∈QLg(k + l,Λ)⊗M
Λ
Λ˙,Λ¨
.
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Note that
MΛ
Λ˙,Λ¨
= {v ∈ Lg(k, Λ˙)⊗ Lg(l, Λ¨)|x · v = 0, h(0) · v = Λ(h)v, ∀h ∈ h, ∀x ∈ ĝ+},
where Lg(k, Λ˙)⊗Lg(l, Λ¨) is viewed as a module for the diagonal subalgebra of ĝ⊕ ĝ and
ĝ+ = (⊕α∈∆+g Cxα)
⊕
(⊕x∈g,n∈Z>0Cx(n)). Hence, C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0)) =
M00,0 and M
Λ
Λ˙,Λ¨
is a C(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0))-module.
Proposition 4.2. [26] Viewed as a C(Lg(k + l, 0), Lg(k, 0)⊗Lg(l, 0))-module, the con-
formal weight of MΛ
Λ˙,Λ¨
is equal to or larger than 0. Moreover, the conformal weight of
MΛ
Λ˙,Λ¨
is equal to 0 only if (Λ˙, Λ¨,Λ) = (kΛi, lΛi, (k + l)Λi), i ∈ J , where Λ0 = 0.
We next show that there may be identifications between C(Lg(k + l, 0), Lg(k, 0) ⊗
Lg(l, 0))-modules {MΛΛ˙,Λ¨|Λ˙ ∈ P k+, Λ¨ ∈ P l+,Λ ∈ P k+l+ }. First, let hi ∈ h for i = 1, · · · , l
defined by αi(h
j) = δi,j for j = 1, · · · , l. For any h ∈ h, set
∆(h, z) = zh(0) exp
( ∞∑
n=1
h(n)(−z)−n
−n
)
.
Given an Lg(k, 0)-module M , we may construct a new Lg(k, 0)-module M
(hi) by using
the operator ∆(hi, z). Explicitly, viewed as a vector space M (h
i) = M , and the vertex
operator map YM (hi)(·, z) = Y (∆(hi, z)·, z). It was proved in [31] and [32] that for any
i ∈ J and any Λ ∈ P k+, Lg(k,Λ)(hi) is also an irreducible Lg(k, 0)-module. Thus, there
exists an element Λ(i) ∈ P k+ such that Lg(k,Λ)(hi) is isomorphic to Lg(k,Λ(i)).
Theorem 4.3. [31, 32] For i ∈ J , Lg(k, 0)(hi) ∼= Lg(k, kΛi).
As a consequence, we immediately obtain the following
Corollary 4.4. For any i ∈ J and Λ˙ ∈ P k+, Λ¨ ∈ P l+,Λ ∈ P k+l+ , we have MΛΛ˙,Λ¨ ∼= MΛ
(i)
Λ˙(i),Λ¨(i)
as C(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0))-modules.
Remark 4.5. For i ∈ J and Λ˙ ∈ P k+, Λ¨ ∈ P l+,Λ ∈ P k+l+ , the identification between MΛΛ˙,Λ¨
and MΛ
(i)
Λ˙(i),Λ¨(i)
was known in the physical reference [34].
To calculate the global dimension of C(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0)), we need the
following results about C(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0)).
Theorem 4.6. Let k, l be positive integers. Suppose that the vertex operator algebra
C(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0)) is rational and C2-cofinite. Then
(1) C(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0)) is strongly regular.
(2) Any irreducible C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0))-module is isomorphic to a sub-
module of MΛ
Λ˙,Λ¨
for some Λ˙ ∈ P k+, Λ¨ ∈ P l+,Λ ∈ P k+l+ .
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(3) All the conformal weights of irreducible C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0))-modules
except C(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0)) are larger than 0.
Proof: (1) By assumption, we only need to C(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0)) is self-
dual. By Corollary 3.2 of [30] and Lemma 3.5, it is good enough to prove that (ω1 +
ω2 − ω3)2v = 0 for any v ∈ C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0))1. By the definition of
C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0)), we have ω32v = 0. Moreover, ω31v = 0, this implies
that v is an element of (Lg(k, 0) ⊗ Lg(l, 0))1. Hence, by the formula (6.2.45) of [29],
(ω1 + ω2)2v = 0. Therefore, (ω
1 + ω2 − ω3)2v = 0, as desired.
(2) This follows immediately from Theorem 2 of [28].
(3) This follows immediately from Proposition 4.2 and Corollary 4.4. 
We are now ready to prove the main result in this section.
Theorem 4.7. Let k, l be positive integers. Suppose that the vertex operator algebra
C(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0)) is rational and C2-cofinite. Then we have
(1) GlobC(Lg(k+l, 0), Lg(k, 0)⊗Lg(l, 0)) = 1|P/Q|2S2
Lg(k,0),Lg(k,0)
S2
Lg(l,0),Lg(l,0)
S2
Lg(k+l,0),Lg(k+l,0)
.
(2) For any Λ˙ ∈ P k+, Λ¨ ∈ P l+,Λ ∈ P k+l+ such that Λ˙ + Λ¨− Λ ∈ Q, we have
qdim C(Lg(k+l,0),Lg(k,0)⊗Lg(l,0))M
Λ
Λ˙,Λ¨
=
SLg(k,0),Lg(k,Λ˙)SLg(l,0),Lg(l,Λ¨)SLg(k+l,0),Lg(k+l,Λ)
SLg(k,0),Lg(k,0)SLg(l,0),Lg(l,0)SLg(k+l,0),Lg(k+l,0)
.
Proof: (1) By the assumption and Theorem 4.6, all the conditions in Theorem 2.2
hold for C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0)). Let C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0)) =
M0,M1, · · · ,Mp be all the non-isomorphic irreducible C(Lg(k+l, 0), Lg(k, 0)⊗Lg(l, 0))-
modules. Then there exist complex numbers Si,j, i, j = 0, · · · , p, such that
ZM i(v,
−1
τ
) = τwt[v]
p∑
j=0
Si,jZMj (v, τ).
Moreover, the matrix (Si,j) is independent of the choice of v ∈ C(Lg(k+ l, 0), Lg(k, 0)⊗
Lg(l, 0)). In particular, we have
ZM i(1,
−1
τ
) =
p∑
j=0
Si,jZMj(1, τ). (4.1)
On the other hand, by the formulas (12.2.2) of [24] and (2.7.2) of [26], we have
Z
M
Lg(k+l,0)
Lg(k,0),Lg(l,0)
(1,
−1
τ
)
=
∑
Λ˙∈P k+,Λ¨∈P l+,Λ∈P k+l+ ,
Λ˙+Λ¨−Λ∈Q
SLg(k,0),Lg(k,Λ˙)SLg(l,0),Lg(l,Λ¨)SLg(k+l,0),Lg(k+l,Λ)ZMLg(k+l,Λ)
Lg(k,Λ˙),Lg(l,Λ¨)
(1, τ).
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Comparing with the formula (4.1), it follows from Proposition 4.2 and Theorem 4.6 that
S0,0 = |P/Q|SLg(k,0),Lg(k,0)SLg(l,0),Lg(l,0)SLg(k+l,0),Lg(k+l,0).
Furthermore, by Theorems 2.2, 4.6, we have
GlobC(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0))
=
1
S20,0
=
1
|P/Q|2S2Lg(k,0),Lg(k,0)S2Lg(l,0),Lg(l,0)S2Lg(k+l,0),Lg(k+l,0)
.
(2) By the definition of quantum dimension, we have
qdim C(Lg(k+l,0),Lg(k,0)⊗Lg(l,0))M
Λ
Λ˙,Λ¨
= lim
y→0+
ZMΛ
Λ˙,Λ¨
(1,
√−1y)
ZC(Lg(k+l,0),Lg(k,0)⊗Lg(l,0))(1,
√−1y) ,
where y is real and positive. On the other hand, for any Λ˙ ∈ P k+, Λ¨ ∈ P l+,Λ ∈ P k+l+ such
that Λ˙ + Λ¨− Λ ∈ Q, it is known by the formula (2.7.15) of [26] that
lim
y→0+
ZMΛ
Λ˙,Λ¨
(1,
√−1y)
|P/Q|SLg(k,0),Lg(k,Λ˙)SLg(l,0),Lg(l,Λ¨)SLg(k+l,0),Lg(k+l,Λ)epi(zk+zl−zk+l)/12y
= 1,
where zn =
(dim g)n
n+h∨
for n ∈ Z>0. It follows that
qdim C(Lg(k+l,0),Lg(k,0)⊗Lg(l,0))M
Λ
Λ˙,Λ¨
= lim
y→0+
|P/Q|SLg(k,0),Lg(k,Λ˙)SLg(l,0),Lg(l,Λ¨)SLg(k+l,0),Lg(k+l,Λ)epi(zk+zl−zk+l)/12y
|P/Q|SLg(k,0),Lg(k,0)SLg(l,0),Lg(l,0)SLg(k+l,0),Lg(k+l,0)epi(zk+zl−zk+l)/12y
=
SLg(k,0),Lg(k,Λ˙)SLg(l,0),Lg(l,Λ¨)SLg(k+l,0),Lg(k+l,Λ)
SLg(k,0),Lg(k,0)SLg(l,0),Lg(l,0)SLg(k+l,0),Lg(k+l,0)
,
as desired. 
5. Irreducible modules of C(LE8(k + 2, 0), LE8(k, 0)⊗ LE8(2, 0))
As an application of the results obtained in Section 4, we classify irreducible modules
of the coset vertex operator algebra C(LE8(k+2, 0), LE8(k, 0)⊗LE8(2, 0)) in this section.
First, we prove the following general result.
Theorem 5.1. Let g be a finite dimensional simple Lie algebra and k, l be positive
integers. Suppose the following two conditions hold:
(i) The vertex operator algebra C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0)) is rational and C2-
cofinite.
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(ii) There exist C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0))-modules W 1, · · · ,W s such that for
any Λ˙ ∈ P k+, Λ¨ ∈ P l+,Λ ∈ P k+l+ , MΛΛ˙,Λ¨ is a direct sum of some W i1, · · · ,W it. Moreover,
s∑
i=1
(qdim C(Lg(k+l,0),Lg(k,0)⊗Lg(l,0))W
i)2 = GlobC(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0)).
Then W 1, · · · ,W s are irreducible C(Lg(k+ l, 0), Lg(k, 0)⊗Lg(l, 0))-modules. Moreover,
W 1, · · · ,W s are all the non-isomorphic irreducible C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0))-
modules.
Proof: By the condition (i) and Theorem 4.6, all the conditions in Theorem 2.2
hold for C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0)). Let C(Lg(k + l, 0), Lg(k, 0) ⊗ Lg(l, 0)) =
M0,M1, · · · ,Mp be all the non-isomorphic irreducible C(Lg(k+l, 0), Lg(k, 0)⊗Lg(l, 0))-
modules. By Theorem 4.6, each M i is isomorphic to a submodule of MΛ
Λ˙,Λ¨
for some
Λ˙ ∈ P k+, Λ¨ ∈ P l+,Λ ∈ P k+l+ . It follows from the condition (ii) that each M i is isomorphic
to a submodule ofW j for some j. By Theorem 2.2, qdim C(Lg(k+l,0),Lg(k,0)⊗Lg(l,0))M
i ≥ 1.
On the other hand, by the condition (ii), we have
s∑
i=1
(qdim C(Lg(k+l,0),Lg(k,0)⊗Lg(l,0))W
i)2 = GlobC(Lg(k + l, 0), Lg(k, 0)⊗ Lg(l, 0))
=
p∑
i=0
(qdim C(Lg(k+l,0),Lg(k,0)⊗Lg(l,0))M
i)2.
It follows that each W j must be irreducible. Moreover, W 1, · · · ,W s must be non-
isomorphic. Thus, W 1, · · · ,W s are all the non-isomorphic C(Lg(k + l, 0), Lg(k, 0) ⊗
Lg(l, 0))-modules. 
Finally, we classify irreducible modules of the coset vertex operator algebra C(LE8(k+
2, 0), LE8(k, 0) ⊗ LE8(2, 0)). We will need the following fact which was obtained in
Corollary 2.7 of [26].
Proposition 5.2. Let g be a finite dimensional simple Lie algebra and k be a positive
integer. Then the sum of S2Lg(k,0),Lg(k,Λ), where Λ runs over a congruence class of P
k
+
mod Q, is equal to |P/Q|−1.
We are now ready to classify irreducible modules of C(LE8(k + 2, 0), LE8(k, 0) ⊗
LE8(2, 0)).
Theorem 5.3. Let k be a positive integer. Then
{MΛ
Λ˙,Λ¨
|Λ˙ ∈ P k+, Λ¨ ∈ P 2+,Λ ∈ P k+2+ , Λ˙ + Λ¨− Λ ∈ Q}
are all the non-isomorphic irreducible C(LE8(k + 2, 0), LE8(k, 0)⊗ LE8(2, 0))-modules.
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Proof: By Theorem 3.10, the vertex operator algebra C(LE8(k + 2, 0), LE8(k, 0) ⊗
LE8(2, 0)) is rational and C2-cofinite. We next verify the condition (ii) of Theorem 5.1.
Recall that when g = E8, we have |P/Q| = 1 [26]. Moreover, by the formula (2.2.4) of
[26], for any positive integer n, ∑
Λ∈Pn+
S2Lg(n,0),Lg(n,Λ) = 1.
Hence, by Theorem 4.7 and Proposition 5.2, we have∑
Λ˙∈P k+,Λ¨∈P 2+,Λ∈P k+2+ ,
Λ˙+Λ¨−Λ∈Q
(qdim C(LE8 (k+2,0),LE8 (k,0)⊗LE8 (2,0))M
Λ
Λ˙,Λ¨
)2
=
∑
Λ˙∈P k+,Λ¨∈P 2+,Λ∈P k+2+ ,
Λ˙+Λ¨−Λ∈Q
(
SLE8(k,0),LE8 (k,Λ˙)
SLE8(2,0),LE8 (2,Λ¨)
SLE8 (k+2,0),LE8 (k+2,Λ)
SLE8 (k,0),LE8(k,0)SLE8(2,0),LE8 (2,0)SLE8(k+2,0),LE8 (k+2,0)
)2
=
∑
Λ˙∈P k+,Λ¨∈P 2+
(
SLE8 (k,0),LE8(k,Λ˙)
SLE8 (2,0),LE8 (2,Λ¨)
SLE8(k,0),LE8 (k,0)SLE8 (2,0),LE8 (2,0)SLE8 (k+2,0),LE8(k+2,0)
)2
=
(
1
SLE8(k,0),LE8 (k,0)SLE8 (2,0),LE8 (2,0)SLE8 (k+2,0),LE8(k+2,0)
)2
= GlobC(LE8(k + 2, 0), LE8(k, 0)⊗ LE8(2, 0)).
Therefore, by Theorem 5.1,
{MΛ
Λ˙,Λ¨
|Λ˙ ∈ P k+, Λ¨ ∈ P 2+,Λ ∈ P k+2+ , Λ˙ + Λ¨− Λ ∈ Q}
are all the non-isomorphic irreducible C(LE8(k+2, 0), LE8(k, 0)⊗LE8(2, 0))-modules. 
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